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ON SOME N E W  SOLUTIONS O B T A I N A B L E  BY MEANS O F  INVARIANT T R A N S F O R M A T I O N S  
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With reference to the example of the equations of monoenergetic 
nonrelativistic beam of particles of like charge, it is shown how new 
noninvariant solutions can be obtained by means of invariant transfor- 
mations (w 1). The conditions under which Loreutz forces can be ig- 
nored and the electric field considered a potential field are obtained 
for nonstationary flows. Solutions that describe the passage through a 
plane diode of high-frequency current from the emitter in a high- 
frequency electric field for an arbitrary relationship between the con- 
stant component of the collector potential and the amplitude of the 
ae voltage across it are derived (w Multivelocity (the velocity vec- 
tor is a multivalued function) beams, and also electrostatic beams that 
can be described by Vlasov's equations are examined (w 

Given a system of differential equations (S) for m -> 1 unknown 
functions u k (k = 1 . . . .  , m) of n -- m -> 1 independent variables 
x i(i = 1, . .  , n - - m ) .  The set of values (x, u) is considered as the set 
of coordinates of a point in n-dimensional space E n. Any solution of 
this system u = u(x~ defines some manifold in gn. All possible solu- 
tions of (S/ specify in E n some set M. Any invariant transformation of 
system (S) has the property that it does not lead out of M. In a num- 
ber of cases, this makes it possible to obtain new solutions by means 
of invariant transformations, no limitations being imposed on the so- 
lutions transformed. For a given system (S), all transformations that 
preserve (S~ and form a continuous group, can be obtained by the 
method developed by L. V. Ovsyannikov [1-3]. Note that new solu- 
tions arise only when the principal group G of system (S) allows other 
than merely elementary transformations: magnifications, rotations, 
and translations are, as a rule, useless.* 

Below, solutions of the equations of a monoenergetic nonrelativis- 
tic beam of particles of like charge are examined as an example [6-8]. 

1. E X A M P L E S  OF N E W  NONINVARIANT SOLUTIONS 

In [8 ] i t  w a s  s h o w n  tha t ,  b e s i d e s  a n u m b e r  of e l e -  

m e n t a r y  t r a n s f o r m a t i o n s ,  t he  e q u a t i o n s  of  a n o n -  

s t a t i o n a r y  b e a m  in the  a b s e n c e  of an e x t e r n a l  m u g -  

n e t i c  f i e l d  a d m i t  the  f o l l o w i n g  i n d e p e n d e n t  t r a n s f o r -  

m a t i o n s  : 

t '  = t, x ~ = x - b - a / ( t ) , y "  = g ,  z '  = z , u ' = u + c q ' ( t ) ,  

v" = v, w" = u, q)' = cp ~- a / "  ( t ) x ,  P" = O ,  

t '  = t ,  x '  : x ,  y~  - ~  g + [~g ( t ) ,  z ~ = z ,  u ~ : u ,  

v" = v + f t g ' ( t ) , w ' = w  ~" : q ) + ~ g " ( t ) g ,  O~ = O ,  

t ' =  t, x"  = x ,  g ' : g , z ~ :  z + y h ( t ) ,  u ' = u ,  v " : v ,  

w ' = w + ' ~ h ' ( t )  q~' = ~ + v h ' " ( t ) z ,  O ' =  9.  (1 .1 )  

* F o r  e x a m p l e ,  the  new s o l u t i o n s  of  the  e q u a t i o n s  

o f  m o t i o n  of  a c o m p r e s s i b l e  i n v i s c i d  f lu id  o b t a i n e d  by 

A.  A.  N i k o P s k i i  [4-5]  a r e  l i n k e d  w i t h  t he  p r e s e n c e  of  

a d i s c r e t e  g r o u p  o f  t r a n s f o r m a t i o n s  

t' = - -  t / t ,  r = r/t, V" --  tV  - -  r, p' = t,~p, p' = tSp 
t ' = - - l / t ,  r = - - r / t ,  V ' = - - t V  ~,-r, p ' : - - t ~ p ,  p . . . .  t3p 
t ' = t  r = - - r ,  V ' = - -  V, p'=- --p,  p ' ~ - - p  
t ' = t  r = r ,  Y ' = Y ,  fZ~p,  p ' ~ p  

r = {x,  y ,  z } ,  V = {u ,  v ,  w} ,  ~ = ~/~ 

f o r m e d  by the  e l e m e n t s  o f  t he  c o n t i n o u s  g r o u p  found  

in  [ a l .  

H e r e ,  t i s  t i m e ;  x, y, z a r e  C a r t e s i a n  c o o r d i -  

n a t e s ;  u, v, w a r e  t he  v e l o c i t y  c o m p o n e n t s  in t h e s e  

c o o r d i n a t e s ;  q) i s  t he  s c a l a r  p o t e n t i a l ;  p i s  t h e  s p a c e -  

c h a r g e  d e n s i t y ;  f ,  g, h a r e  a r b i t r a r y  f u n c t i o n s  of  

t i m e ;  a ,  ~, T a r e  the  p a r a m e t e r s  of  t he  c o n t i n u o u s  

g r o u p s  of  t r a n s f o r m a t i o n s ;  t he  d i m e n s i o n l e s s  v a r i -  

a b l e s  u s e d  in [6-8] a r e  a g a i n  e m p l o y e d .  

T r a n s f o r m a t i o n s  (1.1) c a n  be r e p r e s e n t e d  a s  a 

s i n g l e  f o r m u l a  

t ' = : t ,  : r ' = : r  +-/(t), f -  !]- z(O. z ' :  z~+ ]~(!) 

~ ' = ~ 4 = / ' ( t ) ,  ~ / = v  i z ' (z) ,  . " : - ~ ,  h'(~) 

~' - q~ + t"  (t) �9 + x" (t) .,1 + h" (~) z, ~,' = f,.  (1 .2 ;  

It w a s  s h o w n  in [6, 7] t h a t  ai1 k n o w n  s o l u t i o n s  of  

t h e  e q u a t i o n s  of a s t a t i o n a r y  b e a m  a r e  i n v a r i a n t  

s o l u t i o n s ,  w i th  t he  e x c e p t i o n  of a f e w  s o l u t i o n s  t h a t  

do no t  s a t i s f y  t he  c o n d i t i o n s  of t h e r m i o n i e  e m i s s i o n  

[9-14] .  Of  t h e s e  f i ve  n o n i n v a r i a n t  s o l u t i o n s ,  t h r e e  

a r e  e l e c t r o s t a t i c  [9-111.  The  s y s t e m  of e q u a t i o n s  

of  a r e g u i a r  [15] b e a m  c a n  be  r e d u c e d  to  a s i n g l e  

n o n l i n e a r  f o u r t h - o r d e r  d i f f e r e n t i a l  e q u a t i o n  in W - -  

t h e  a c t i o n  r e l a t i v e  to  t h e  p a r t i c l e  m a s s  [161. 

1 ~ In [9] M e l t z e r  d e s c r i b e d  p l a n e  flour a l o n g  h y -  

p e r b o l i c  t r a j e c t o r i e s  w i t h  c o n s t a n t  s p a c e - c h a r g e  

d e n s i t y  

u = ax ,  v == - - a y ,  ( p =  l /~azR2,  

p = 2a ~, I f  ----- 1/2a (:c "~ - -  !]~), 

u = a!l, v = bx,  ~p = 1/2ab1~2 , 

(1.3) 

P = 2ab (R~ = .~-~ -~ y2). (1.4) 

The  f i r s t  of  t h e s e  f l o w s  wi t l  be  r e g u l a r .  U s i n g  

t r a n s f o r m a t i o n  (1.2),  we  o b t a i n  t he  n o n s t a t i o n a r y  

s o l u t i o n  c o r r e s p o n d i n g  to  (1.3) 

~ -= a [.~ + / ( t ) ] - - / ' ( t ) ,  

v = - - a [ t t - ~ - g ( t ) ] - - g ' ( t ) ,  p = 2a 'z, 

= ~/~a~R ~ + ( a V - / " )  :r + (a~g - - g " )  y .  (1.5) 

At  t he  i n i t i a l  m o m e n t  t = 0, a t  x e (0) = Y0 (0) = 0, 
the  c i r c l e s  R = e o n s t  w i l l  be  e q u i p o t e n t i a l  c u r v e s .  

S u b s e q u e n t l y ,  t h i s  f a m i l y  of c u r v e s  i s  d i s p l a c e d  
a c c o r d i n g  to  t he  l aw  

�9 o = ' / 4 a  ~ ( I"  - -  a V ) ,  y,, = ~i4a  ~ (g" - a ~ g ) .  

H e r e ,  x0, Y0 a r e  the  c o o r d i n a t e s  of t he  c e n t e r  of 

t h e  f a m i l y  of c i r c l e s .  B e c a u s e  of  t h e  a r b i t r a r i n e s s  

of  t he  f u n c t i o n s  f ( t )  and  g (t), t he  p a r t i c l e  t r a j e c -  

t o r i e s  m a y  a l s o  be  a r b i t r a r y .  It i s  a p p a r e n t  t h a t  
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x o = x  o(t)--= O, Yo=Yo( t ) -=  O, i f  

l (t) = a ch at + ~ sh at, g (t) = T ch at + 6 sh at 

(=, ~, ~, 5 a r e  a r b i t r a r y  c o n s t a n t s ) .  

In th i s  c a s e ,  the  p a r t i c l e  t r a j e c t o r i e s  a r e  g i v e n  
by the  e x p r e s s i o n s  

x = ~/2 (~ - -  ~)  e -at  + A e ~  

Y = - -  '/2 (3" + 6) e "t + Be -~t (A, B = const). 

I t  i s  i n t e r e s t i n g  tha t  s o l u t i o n  (1.3) i s  i n v a r i a n t  
r e l a t i v e  to t r a n s f o r m a t i o n  (1.2) i f  f ~ e a t ,  g ~ e - a t .  

The  f u n c t i o n s  f ( t )  and g (t) c an  be s e l e c t e d  so  
tha t  the  s e t  of  c u r v e s  q~ = c o n s t  wi th  c e n t e r  at  x 0, 
Y0 e x e c u t e s  a f i n i t e  m o t i o n .  F o r  e x a m p l e ,  when  u = 

= x + s in  t, v = - - y  + s i n  t ,  the  c e n t e r  x 0, Y0 m o v e s  
abou t  t he  c i r c l e  x~ + y02 = 1 / 8  wi th  c o n s t a n t  v e l o c i t y  
and  the  t r a j e c t o r i e s  wi l l  be  n o n m o n o t o n i c  c u r v e s  

x -= - -  1/~ (sin t -4- cos t) + Ae t, y = I/z (sin t - -  cos t) 4- Be -t �9 

S i m i l a r  r e s u l t s  a r e  e a s i l y  o b t a i n e d  fo r  (1.4), a n d  
a l s o  f o r  the  s o l u t i o n  tha t  e x t e n d s  (1.3) to  the  t h r e e -  
d i m e n s i o n a l  c a s e  [10]. 

I t  

u. ~j u, 

E l - . ,  

l,J/ / /  

0 

F i g .  1 

/ 

f 
zt7 

2 ~ The  p l a n e  p e r i o d i c  f low s t u d i e d  in [11] i s  d e -  
f ined  by the  f o r m u l a s  

W = Re (-- 2in In sc z) = 2a arc tg (tg x th y), 

ch 2y - -  cos 2z  
cos 2x A- eh 2y = const r ~--- q)0 ch 2y -4- cos 2x ' 

tsr 
P = (ch 2y A- cos 2x) 2 (r = const). ( 1.6 ) 

The  s e c o n d  e q u a t i o n  in (1.6) i s  t he  e q u a t i o n  of  the  
t r a j e c t o r i e s .  

No te ,  f i r s t  of a l l ,  tha t ,  b e s i d e s  (I .6), t h e r e  i s  an  
a n a l o g o u s  s t a t i o n a r y  s o l u t i o n  wi th  a r b i t r a r y  p e r i o d .  
I t  c a n  b e  o b t a i n e d  f r o m  (1.6) by an  e x t e n s i o n  t r a n s -  
f o r m a t i o n  wi th  t he  i n f i n i t e s m a l  o p e r a t o r  

X ~ x O  8 0 
oz --by ~ - - 2 p ~  

and  i s  s p e c i f i e d  by the  e x p r e s s i o n  

ch ay --  cos ax 4a~p0 
q~ = % ch ay § cos ax ' P -- (ch ay + cos ax), ' 

cos ax  + ch ay  = const (1.7) 

If  we  app ly  t r a n s f o r m a t i o n  (1.2) to (1 .7) ,  we have  

2a sh [ay + g (t)] t , 
ch [ay -f- g (t)l + cos [az "4- ].(t)] - -  ~ / (t) 

2a sin [az -4- ](t)] l 
ch [=y + g (t)l + cos [az +/ ( t ) ]  u g'  (t) 

ch[c ty+g( t ) ] - -cos[c t z+l ( t ) ]  t [ / , ( t ) x + g , ( t ) y  ] 
q} = q)o ch [ay + g (t)] + cos [r + ] (t)] - -  

By s e l e c t i n g  p e r i o d i c  f u n c t i o n s  a s  f ( t ) ,  we ob t a in  
a s o l u t i o n  tha t  i s  p e r i o d i c  not  on ly  in s p a c e  but  a l s o  
in t i m e .  

2. N O N S T A T I O N A R Y  P R O C E S S E S  IN A P L A N E  DIODE 
Al l  t he  e s s e n t i a l l y  d i f f e r e n t  i n v a r i a n t  s o l u t i o n s  

of  a s t a t i o n a r y  b e a m  w e r e  c o n s t r u c t e d '  in [6, 7]. 
When  H = 0 e a c h  of t h e s e  s o l u t i o n s  can  be  s u b j e c t e d  
to  t r a n s f o r m a t i o n  (1.2). As  a r e s u l t ,  a n o n s t a t i o n a r y  
i m a g e  of t he  c o r r e s p o n d i n g  s t a t i o n a r y  f low is  o b t a i n -  
ed.  I t  shou ld  be  no ted  tha t  t h e s e  s o l u t i o n s ,  wh ich  a r e  

s i m i l a r  to  the  H - s o l u t i o n s  of  the  e q u a t i o n s  of  a s t a -  
t i o n a r y  b e a m ,  a r e  not  s i m i l a r  to any  of t he  n o n -  
s t a t i o n a r y  i n v a r i a n t  s o l u t i o n s  c o n s t r u c t e d  in [8], i . e . ,  
t h e y  c a n n o t  be  o b t a i n e d  f r o m  t h e m  bY m e a n s  of  
t r a n s f o r m a t i o n s  of the  p r i n c i p a l  g r o u p  G t of  e q u a -  
t i ons  of the  n o n s t a t i o n a r y  b e a m .  In t he  s t udy  of n o n -  
s t a t i o n a r y  f l ows ,  t h e r e f o r e ,  t he  e x a m i n a t i o n  of  s u c h  
s o l u t i o n s  i s  of  i n t e r e s t .  The  s o l u t i o n s  c o r r e s p o n d i n g  
to o n e - d i m e n s i o n a l  f low b e t w e e n  p a r a l l e l  p l a n e s  
a d m i t  a p a r t i c u l a r l y  s i m p l e  i n t e r p r e t a t i o n  [ 1 7 - 2 0 ] .  

0 QJ / 

F i g .  2 

L e t  us  dwe l l  in m o r e  d e t a i l  on t h e  s o l u t i o n  o b -  
t a i n e d  u s i n g  t r a n s f o r m a t i o n  (1.2} f r o m  t h e  C h i l d -  
L a n g m u i r  s o l u t i o n  [17, 18], wh ich  d e s c r i b e s  a 
p l a n e  d iode  u n d e r  t o t a l  s p a c e  c h a r g e  c o n d i t i o n s .  
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Let  us in t roduce  the d i m e n s i o n l e s s  v a r i a b l e s  t ~ 

x*, u*, r o*, j* def ined by the f o r m u l a s  

{ a.__~_~'/'to [9nioa 8 \ %  o [ is s \'1' o 

X = a x  ~ u = ( l  8nv l loaS) ' /*a  ", ] = / e l  ~ (11 - -  [ e I / m ) .  ( 2 . 1 )  

The va lues  that  d e t e r m i n e  the C h i l d - L a n g m u i r  
so lu t ion  have been  s e l e c t e d  as  c h a r a c t e r i s t i c  quan-  
t i t i e s :  a is the i n t e r e l e e t r o d e  d i s t ance ;  J0 is the 

e m i s s i o n - c u r r e n t  dens i ty ;  the potent ia l  is  r e f e r r e d  

to the c o l l e c t o r  potent ia l  that e n s u r e s  a c u r r e n  J0 at 

d i s t a n c e  a be tween  the e l e c t r o d e s ,  e tc .  

In these  v a r i a b l e s ,  the C h i l d - L a n g m u i r  so lu t ion  
has  the f o r m  

q)~ (x~ ~ u ~ = (x~ '/', p~ = (x~ -'/', /~ =- t, (2.2) 

Omi t t i ng  the d i m e n s i o n l e s s - v a l u e  symbol  and a p -  

p ly ing  t r a n s f o r m a t i o n  (1.2) to (2.2), we have 

u--- [ x + / ( O l v ' - - / ' ( t ) ~  ,~ = [x + / ( t )] ' l ' - -  f '  (t) x - -  [/ (O] '/', 

P = [ x + / ( t ) ]  -%, ] - - - - t - - / ' ( t ) [ x+ / ( t ) ]  -'/'. (2.3) 

The obta ined  so lu t ion  (2.3) d e s c r i b e s  c e r t a i n  
p r o c e s s e s  in a plane diode 0<__ x -< 1. The funct ion 

f (t) can  be s e l e c t e d  so that  the c o l l e c t o r  potent ia l  

~ = (~. + / ) ' J ' - -  ] ' / . _  f (2.4) 

is a p e r i o d i c  funct ion of t i m e  ( subsc r ip t s  1 and 2 r e -  
f e r  to e m i t t e r  and c o l l e c t o r ,  r e s p e c t i v e l y ) .  It should 

be noted that  f ( t )  is a r b i t r a r y  with a c c u r a c y  to the 
c o r r e c t n e s s  of the in i t i a l  equa t ions  [81. With the in -  

ten t ion  of e x a m i n i n g  r ap id ly  o s c i l l a t i n g  so lu t ions  of  
the f o r m  of (2.3), we obtain bounds that  def ine  the 
d o m a i n  of app l i c ab i l i t y  of the equa t ions  of a non-  
s t a t i o n a r y  b e a m  used in [8]. 

r",,\: 
: \ r  

/ 
L / 

0 x 2.r 

,]6 

z~ 

F ig .  3 

Let  the e l e c t r i c  f ie ld  on the c o l l e c t o r  of the p lane  
diode be g iven  by the e x p r e s s i o n  

E= (a) = E o + A sin ~ot. 

The c h a r a c t e r i s t i c  va lue  of the s p a c e - c h a r g e  

dens i ty  p .  is  found f rom the equat ion  

div E = 4n9, 9, = (Eo + A) / 4ha. 

If it is c o n s i d e r e d  that,  in the c a s e  in ques t ion ,  

d i s p l a c e m e n t  c u r r e n t s  play no l e s s  a ro l e  than con-  
vec t ion  c u r r e n t s  and that  the a im is  to obtain c o n -  

d i t ions  under  which the flow is c lo se  to o n e - d i m e n -  
s ional ,  then given one m o r e  Maxwel l  equat ion we can 

d e t e r m i n e  the c h a r a c t e r i s t i c  va lue  of the m a g n e t i c -  
f ie ld  s t r eng th  H, 

I c~E 4a V, rot~H = - / ~  -Jr- -~-p H. ob A =: (Eo + A) -~ b 
= 7 -  -g" 

Here ,  b is the t r a n s v e r s e  d i m e n s i o n  of the beam.  
The equa t ions  of mot ion of a cha rged  p a r t i c l e  

dv n 
d't - = ~ I E +  c V x l : [  

make  it  pos s ib l e  to e s t a b l i s h  cond i t ions  under  which 
the L o r e n t z  f o r c e s  a r e  neg l ig ib le  as c o m p a r e d  with 
the e l e c t r i c  f ie ld  f o r c e s  

~bV,ca A .~ Eo + A, ( ~  ), b.~.a~ i .  

Hence,  we obtain the l i m i t a t i o n s  on the f r e q u e n c y  
and the r e l a t i v e  beam d i m e n s i o n s  b/a 

c2 1), b c 

The second  condi t ion  of (2.5) a g r e e s  (with a c c u r a =  
cy to a cons tan t  f ac to r  that  is not s ign i f i can t  in o r d e r  

of magni tude  under  the bounds) with the condi t ion  

e s t a b l i s h e d  in [21, 22] fo r  s t a t i o n a r y  n o n r e l a t i v i s t i c  
flows. 

F ig .  4 

For an electron beam at b ~1 cm, V. ~109 cm/sec, E, ~A, J0 
~10 ma/cm ~, we find that the frequency and longitudinal dimensions 
must satisfy the inequalities 

(~ "~ t0 TM Hz a >> l0 -3 cm 

In dimensionless variables (2.1), we have w ~ << i0 s. The dimen- 
sionless frequency w* ~1 corresponds to co ,~I0 pcps. 

Thus, when inequalities (2.5) are fulfilled, it may be assumed that 
E = - - V r  

Figure lshows how u, r and jvary with time w h e n f = 2 + s i n t  
at emitter and collector (co'= 1). In this case function (2.4) is approx- 
imated by the expression Ca --" 1.24 sin t + 1.8. In the first half-<:ycle, 
Ca and (2.4) agree, for all practical purposes; in the ~cond half- 
cycle, the maximum difference in amplitude is not over 3~ .  Of 
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course, when ez = c~sin t + B and for any g iven  cz(t),  the problem can 

be solved accura te ly ,  but  this requires numer ica l  integrat ion of Eq. 
(2.4), or a more complicated equation, if we start with a stationary 
solution with arbi trary condit ions on the emi t t e r  [19, 20]. Figure 2 

shows the po ten t ia l  distr ibution at ce r ta in  fixed moments  in t ime .  
When ] = sin t, the r ight  and lef t  planes e m i t  a l t e rna te ly  (Fig. 3). At 
the ends and in the midd le  of the interval  0 -a t  -< 2~r, 8 u l / a t ,  not the 

total  ve loc i ty  der ivat ive ,  increases without  bound. The fact  that the 

convection-current density goes to infinity at certain moments of time 
does not spoil the solution, since the current from a finite surface re- 
mains finite over a finite time interval 

l t 

s : i ' <  = I I* - cos ~ (~-:-~i,, v)-'/' 1 < = 
0 0 

t @ 3 ix'/" -- (x -b sin t )  'h] . 

A s o l u t i o n  of the  f o r m  of (2.3) can  d e s c r i b e  the  

o s c i l l a t o r y  c o n d i t i o n s  in  a p l a n e  d i o d e  wi th  n o n u n i -  

f o r m  s p a c e - c h a r g e  d i s t r i b u t i o n ,  w h i c h  c a n n o t  be 

o b t a i n e d  by  c o n s t r u c t i o n  of i n v a r i a n t  n o n s t a t i o n a r y  

f l o w s  [8]. 

Note  t h a t  an  a n a l y t i c  s o l u t i o n  of  t he  p r o b l e m  of  

t he  b e h a v i o r  of a s i n g l e  e l e c t r o n  in a h i g h - f r e q u e n c y  
f i e l d  is  known [23]. The e q u a t i o n s  of a r a d i o - f r e -  

q u e n c y  d iode  u n d e r  t o t a l  s p a c e  c h a r g e  c o n d i t i o n s  

w e r e  n u m e r i c a l l y  i n t e g r a t e d  in [24]. 

N o n s t a t i o n a r y  a n a l y t i c  s o l u t i o n s  t ha t  c o r r e s p o n d  

to  a n n u l a r  e l e c t r o s t a t i c  b e a m s  can  be  w r i t t e n  w i t h -  

out  d i f f i c u l t y  [25, 26]. H o w e v e r ,  t h e y  do no t  p e r m i t  

s u c h  a s i m p l e  i n t e r p r e t a t i o n  a s  do the  f l ows  e x -  

a m i n e d  above. For example, for the transform 

, p ,  % I(,,-I-/)~ I- (y -I- ,~)"l i _ I/" (,: ,~/) + g" (? /+  ;')1 

t he  z e r o  e q u i p o t e n t i a l  a t  the  i n i t i a l  m o m e n t  of t i m e  

w h e n  f (0) = f "  (0) = g(0) = g"(0) = 0 wi l l  be  a c i r c l e  

of i n f i n i t e l y  l a r g e  r a d i u s ,  but  s u b s e q u e n t l y  in t h e  

n o n i n e r t i a l  f r a m e  of r e f e r e n c e  X = x + f ( t ) ,  Y = y + 

+ g (t), i t  h a s  t he  f o r m  s h o w n  in F ig .  4 and  i s  d e -  

f i n e d  by the  f o r m u l a s  

ie :'.I,~,(,I~ :-,~)1 '/~, ~ = l , , ( / ' ~  ! :.,"~)1-'.'~ i , , ~ . 6 = f ' / j .  

H e r e ,  R, ~b a r e  p o l a r  c o o r d i n a t e s  i n  the  s y s t e m  

X, Y. Mot ion  of t he  e q u i p o t e n t i a l  s u r f a c e s  is  a c -  

c o m p a n i e d  by t h e i r  d e f o r m a t i o n .  

w MULTIVELOCITY BEAMS AND BEAMS DEFINED BY VLASOV'S 

EQUATIONS 

Above we e x a m i n e d  solutions with a s i ng l e -va lued  ve loc i ty  vector .  

A m u l t i v e l o c i t y  b e a m  of charged par t ic les  with the same value  and 
sign of the spec i f i c  charge  7}, for which V is an s -va lued  function, is 
formed by a finite number s of elementary monoenergetic beams. It 
is therefore described by a system of equations of a monoenergetic 
beam [6-8], the only difference being that the equation of current 
conservation and the boundary conditions must be written out for each 
of the s beams, while s where P(s) is the density of the s-th ele- 
mentary beam, should be used as the space-charge density p in de- 
termining the potential. 

From the above, it foll0ws that the equations of a multivelocity 
beam admit transormations (1.2). By using these, we can construct 
some nonstationary transform in accordance with any multivelocity 
stationary solution. 

It is known [19] that  in a p lane  diode with emiss ion from both 
electrodes (current densities Jl and J2, respectively) when the velocity 
is two-valued only with respect to direction, it is possible to get the 
same sets of conditions as in the case of emission from one plane with 
current density j~ = Jl + J2- It is therefore not difficult to construct a 
nonstationary solution with high-frequency currents from both planes 
that corresponds to (2.3). In the general case, when the velocity is 
two-valued with respect to magnitude as well as direction, the solu- 
tion of the equations of the beam is expressed in terms of elliptic 
integrals. A nonstationary solution can be constructed in this case, too. 

Transformations of the form of (1.2) preserve the equations of a 
multivelocity beam with any, arbitrarily large numbers of elementary 
monoenergetic beams. It is natural to expect that this property is also 
preserved when s -'~ ~, i .e . ,  on going over to a description by means 
of the distribution function F (E, Y). It is easy to see that in the absence 
of a magnetic field, transformations (1.2) leave Vlasov's equations 
invariant. By means of these transformations, we can find, for example, 
a nonstationary solution with a distribution function at the emitter 
given by the expression 

m [ . , - - ] "  t)pi 
F~ = Fo exp - -  2k7"~ I' (l% consl) 

which corresponds to the solution for a plane diode [2?-30] with a 

Maxwellian velocity distribution of the emitted particles /"t 

= F0ex p (--,gtltt 2 , 2k'/'t). 
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